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Abstract
The thesis investigates the theoretical and experimental behavior of I-girders
braced by cross frames and flange rotational restraint braces (FRRBs). Two analysis
methods are provided, finite difference -method and lateral-torsional buckling 1""--
formulas with effective length factor. A FRRB is like a rotational spring that restrains
the in plane (lateral) rotation of the compression flange of the steel I-g'irder to which it
is attached. An effective unbraced len-gth factor, -Kb is used to quantify the effects of
FRRBs.
Finite difference equations for elastic lateral-torsional buckling and the boundary
conditions needed to solve the finite difference equations are developed. A matrix
format of the finite difference equations is provided and used to determine the lateral-
torsional buckling moment capacity of the inner unbraced lengths of the specimen
used in the experiments.
An analysis of the test specimen was made using the lateral-torsional buckling
formulas with Kb• The lateral-torsional buckling results from the theory are consistent
with the experimental results.
The study shows that analysis methods provided in this thesis can be effective
in determining the latera-I-torsional buckling moment capacity of I-girders brdced with
cross frames and FRRBs. FRRBs can provide I-girders with increased stability
compared with traditional bracing methods. FRRBs can be used to increase the
\
unbraced length or to increase the lateral-torsional buckling capacity.
1
Chapter 1 Introduction
1.1 Background
High performance steel has greater strength than the conventional steel most
often used in bridge design practice. However, previous research has shown that
stability design limits are barriers to the full utilization of the strength of high
performance steel and suggested design innovations (Homma (1994), Czaplicki et
al. (1996), Murphy (1997), and Ellis and Sause (1999)). Murphy (1997) provided a
new bracing concept, flange rotational restraint braces, to improve the lateral-
torsional stability of the top flanges of composite I-girders during the cO[lstruction
stage before th"e concrete deck is hardened and the bottom flanges in the negative
bending regions'- of I-girders with continuous spans. Ellis and Sause (1999)
investigated sp.ecific modifications to bridge I-girder design practice to include the
use of FRRBsi They studied the influence of changes in design parameters and the
trade off between reductions in I-girder weight and reductions in I-girder fabrication
effort, including the effect of using FRRBs. This thesis focuses on the theoretical and
experimental behavior of bridge I-girders with FRRBs.
1.2 Objective
The objectives of this research are:
1. To provide effective analysis methods to calculate the lateral-torsional
buckling moment capacity of I-girders braced with cross frames and
FRRBs. These methods can be used for theoretical analysis and design
practice.
2. To validate the analysis methods with the results of large-scale tests of 1-
2
girders braced with cross frames and FRRBs.
3. "Fo use the test results to validate the behavior of I-girders braced with
cross frames and FRRBs that is assumed in developing the analysis
methods.
1.3 Scope
This research involved two main areas of work. First, analysis methods for 1-
girders with cross frames and FRRBs initially suggested by Murphy (1997) were
reviewed. Some improvements were made, and the methods were applied to a test
specimen that was designed specifically for tests of the FRRB bracing concept.
Second, experiments on a test specimen consisting of two I-girders braced by cross
-,
frames with FRRBS were evaluated. The design and properties of the test
specimens, instrumentation, and test procedures were studied, and the test data was
analyzed. The test results and analysis results were compared. Also the behavior of
the test specimen was compared with the behavior assumed by the analysis
methods.
1.4 Organization of Thesis
The remaining chapters of the thesis are organized as follows. Chapter 2
reviews the lateral-torsional buckling of bridge I-girders, and the FRRB concept.
Lateral-torsional buckling resistance formulas are reviewed and modified with an
effective length factor Kb to account for FRRBs. Chapter 3 review~ finite difference
methods for lateral-torsional buckling analysis, and provides boundary conditions
,
needed to solve the finite difference equations, as well as a matrix format of the finite
difference equations. The finite difference method and lateral-torsional buckling
resistance formulas (including Kb) are both used to analyze the test specimen
3
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Chapter 2 Lateral-Torsional Buckling of Bridge I-Girder
I-girders are structural members that are subjected to bending, shear and
, '
negligibly small axial force. I-girders are designed to carry bending about the major
principal axis of the cross section. Thus, to make the I-girders economical, the
"-
moment of inertia about the major principle axis is considerably larger than that
about the minor principle axis. As a result, most I-girders are relatively weak in
bending about the minor axis (lateral bending). I-girders are open sections which are
not very efficient in resisting torsion. Even though bending about the major principle
axis does not introduce torsion or lateral bending about minor axis intentionally,
torsion and lateral bending occur because of unavoidable geometric imperfections
and ~intentionalload eccentricities. When the lateral bending and torsion increase
suddenly causing failure, the failure is called lateral-torsional buckling. This type of
failure can be resisted by bracing the compression flange with the bridge deck or
other bracing members.
In this chapter, the concept of bracing to resist lateral-torsional buckling is
reviewed: The flange rotation restraint brace concept is introduced, and, lateral-
torsional buckling theory is reviewed. AASHTO lateral-torsional buckling formulas
and the application of these equations to I-girders braced with flange rotational
restraint braces (FRRBs) are presented for this new structure.
2.1 Flange Rotational Restraint Brace Concept
The usual ways to resist lateral-torsional buckling of bridge steel I-girders are by ,
attaching the compression flange to concrete decks or by using bracing members. '
After the concrete deck is made composite with the top flange of the girder, the top
5
flange is braced by the deck and further bracing is not needed. However, during the
construction stage, before the concrete deck is fully hardened, the girder may fail in
lateral-torsional buckling under construction loads. -Thus, bracing is necessary to
resist the lateral-torsional buckling of bridge steel I-girders quring construction. In
. addition, near the piers of continuous span bridges, the I-girder bottom flange may
be in compression due to negative bending. Under this condition, bridge .I-girders
need bracing even when the top flange is composite with the deck.
This thesis focuses on the compression flange of high performance steel 1-
girders. High performance steel can be used in design to reduce the weight of the
bridge I-girders. However, the resulting reduction in cross-section m~use these
I-girders to have reduced lateral-torsional stability. If traditional bracing methods are
adopted to increase the stability to I-girders by decreasing the unbraced length, the
cost of high performance steel construction may be increased by the increased
bracing cost. Thus, the effectiveness of using high performance steel will be
reduced. Therefore a concept of bracing, first proposed by Murphy (1997), is studied
..
in this thesis.
The bracing concept is called "flange rotational restraint brace", or FRRB. It
consists of a plate or T-beam rigidly attached to the compression flange of an I-girder
at the location of a standard diaphragm or cross frame (see Figure 2.1). The cross
frame is located below the FRRB to brace the cross-section against lateral
displacement and twist. The FRRB restrains the rotation of the compression flange in
its own plane, and thereby further restrains, indirectly, the lateral displacement of the
compression flange.
6
Figure 2.1 Overview of FRRB in test specimen
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Figure 2.2 Frame structure deflections (a) pin connection (b) rigid connection
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A system of I-girder compression flanges with FRRBs and associated cross
frames is similar to a frame structure without sideway. In a frame structure, the
beams restrain the column rotations, and thus reduce the effective length of the
columns. When the beams are connected to the columns with pinned connections
(see Figure 2.2(a)), the effective length of the column Left is equal to the story height
H, that is, Left =H. When the beams are rigid connected to the columns (see Figure
2.2(b)), the effective length of the columns is reduced. If the beams are flexurally
rigid, the column effective length is half the story height, that is Left =O.5H. This
reduced the effective length of the columns in compression, increases the buckling
capacity. For I-girders braced by FRRBs.and cross frames, the compression flanges
behave similar to columns in compression with beams restraining their rotation. The
FRRBs behave similar to the beams, restraining the compressi0n flange r~tion and
reducing the effective unbraced length Lb of the flange. An effective length factor Kb
can be used to quantify the effect of FRRBs in reducing the unbraced length.
FRRBs function like a rotational spring to \Sist the rotation of the compression
flanges of the attached I-girder. Thus, a simplifie~1 of an I-girder compression
flange with FRRBs is a compression element which is supported by rollers supports
(cross frames) and rotationally restrained at the location of the FRRBs (see Figure
2.3). We use an effective I~ factor Kt, to quantify the effect of the rotational
spring. For the case of a compression flange braced with cross fames without
FRRBs (Le., the rotational springs have no stiffness), Kb is equal to 1. The buckling
deflected shape of one unbraced length of the compression flange is shown in Figure
2.4(a). Here we assume all unbraced lengths along the I-girder buckle at the same
time, only one unbraced length deflected shape is shown. For the case of girders
'J
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with cross frames and FRRBs, Kb is equal to 0.5 if the FRRBs are rigid (i.e., the
rotational spring is rigid). For more realistic cases, Kb will fall into the range of 0.5 to
1. The buckling deflected -shape is shown in Figure 2.4(b). Comparing the two
deflected shapes, we see the lateral deflected shape with FRRBs has less rotation at
the ends of the urlbraced length and curvature reverses within the unbraced length
due~e restraint of the rotational spring.
Mur~ (1997) showed the rotational stiffness of the spring can be estimated as
2E I
ke =~ , where 8; is the modulus of elasticity of FRRBs, Iyt is moment of inertiaLs
of the FRRBs about the vertical axis, and Ls is the girder spacing from center to
center.
9
Figure 2.3 Model for girder with FRRBs
x
Figure 2.4 (a) Deflection shape of unbraced length without FRRBs
Figure 2.4(b) Deflection shape of unbraced length with FRRBs
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2.2 Advantages of FRRBs
The primary advantage of using FRRBs is the possibility of increasing the
cross frame spacing without decreasing the lateral-torsional buckling moment
capacity of the ,bridge I-girders. The restraint from the FRRBs reduces the effective
unbraced length of the I-girder flanges, and thus the lateral-torsional buckling
capacity is increased fora given unbraced length. Therefore, the lateral-torsional
.--.
buckling capacity of I-girders for a given unbraced length without FRRBs can be
maintained while the unbraced length is increased, if FRRBs are included.
Other benefits can be obtained from this change as well. Cross frames and
cross frame connections are expensive. So the cost of the cross frames and their
connections can be decreased by reducing the number of cross frames. The fatigue
performance of bridge I-girder can be improved. The weld between the girder flange
and the cross frame connection plate is a category C fatigue detail which can control
the fatigue design of bridge I-girders. W.ith fewer cross frames, the connection plates
can be moved to lower stress locations. Alternately, if the cross frames- are located at
high stress locations, less economical connect details with better fatigue resistance
can be used effectively because there are fewer cross fralIle connection details.
11
'" 2.3 Analysis of Lateral-Torsional Buckling
at
yIShear center S-- ~X
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* U •••!"E-------'-~_____3»II· •
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..... ..... .. .
+. •..
...
••
•••
Angle of twist
Figure 2.5 Lateral-torsional buckling deflections
The differential equations for lateral-torsional buckling of an I-girder are:
EI y u iv + M x <p " + 2 M~ <p 0 = 0
Where, E is Young's modulus.
G is the shear modulus.
.J is the torsion constant.
I y is the moment of inertia about the minor axis y.
I IV is the warping moment of inertia.
~x is the cross-sectional property given as follow:
(2.1 )
(2.2)
..
1 iY1 iX1 2 2~x=- y(x +Y )dydxI -Y, -x,
x
(2.3)
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u is the horizontal displacement of the shear center
"cp is the angle ofcross section rotation about the shear center
Mx is the moment about major principle axis x.
M~ is the moment gradient.
When the I-girder is in the state of pure bending, the moment gradient M~ is zero,
and the moment Mxat any cross section of the I-girder is constant, Le., Mx =Mo. The
differential equations for lateral-torsional buckling of an I-girder become as follows:
EI y u iv + Mo cp" = 0 (2.4)
(2.5)
U
The monosymmetry section property fix for I-girders can be expressed in terms
of the section dimensions and the coordinat.es of the shear center instead of
Equation (2.3).
Where, bt , ttare the width and thickness ofthe tension flange respectively.
be' teare the width and thickness of the compression flange respectively.
tw is the thickness of the web of the I-girder.
Y is the distance from the centroid to the center of the compressio[J flange
Yo is the distance from the shear center to the centroid.
For a doubly symmetric cross section, ~x is equal to zero.
The lateral-torsional buckling moment can be obtained by solvin~ for the
13
minimum eigenvalue of the differential equations of Equations (2.1) and (2.2). The
results will depend on the specified boundary conditions.
For an I-girder with cross frames, the boundary conditions of an l.mbraced
length are assumed simply supported at the location of the cross frames. The cross
sections at the location..ofthe cross frames cannot twist, but they are free to warp.
Flange lateral (about the y-axis) do not develop at these locations. Thus the
boundary conditions are:
Assuming the section is doubly symmetric, that is, ~x =0, and assuming uniform
moment over the unbraced length, the solution to the differential equations of
Equations (2.4) and (2.5) is:
Mer =~ ElyGJ(1 + n 2Elw )Lb GJLt (2.6)
For an I-girder with cross frames and FRRBs, the boundary conditions are
different from those used above. The FRRBs are similar to rotational springs that
restrain the in-plane rotation of the compression flange. At the locations of he
FRRBs, the cross frames provide support againstthe lateral displacement and twist..
This means the sections at the locations of the cross frames with FRRBs do not
twist or displace laterally and are restrained against warping. That is, the rotation of
the compression flange about the vertical axis (y-axis) is restrained by FRRBs. Thus,
the lateral bending moment about the y-axis of the compression flange is not zero.
Since the compression (top) flange behavior is different from the tension flange, ue is
used to represent the lateral displacement of the compression flange and u t is used
14
to represent the lateral displacement of the tension (bottom) flange (see Figure 2.5).
The relationship of Uc and ut to u and <p is given by Kitipornchai and Trahair (1980)
as follows:
The shear center of a monosymmetric section is given by
~
lyC
=-
Iy
Where, Iyc is the moment inertia of the compression flange about the y-axis.
il,..;
Iyt is the moment inertia of the tension flange about the y-axis.
The moment of inertia of the web about the y-axis is neglected. The shear center
S of a monosymmetric I-girder lies on the web centerline at distances a and b from
the compression and tension flange middle surface.
Iyt , ,
a=-d =d(1-p}Iy
Iyc ' ,
b=-d =d p
Iy
Where, d' is the distance from the middle surface of the compression flange to the
middle surface of the tension flange. Thus,
Ut = U - <p d' p (2.7)
The lateral bending moment of the compression flange at the location of the FRRBs
is related to the lateral curvature of the compression flange:
(2.8)
The restraining moment from the FRRBs is related to the slope of the compression
.. 'flange:
(2.9)
From equilibrium of the joint between the compression flange and the FRRBs (see
Figure 2.6).
r Top flange
(---r ) M~
I~FRRB
~
MFRRB
Figure 2.6 Joint equilibrium
Substituting Equation (2.8) and (2.9) into Equation(2.10), we have
(2.10)
(2.11 )
The tension flange is not restrained by the FRRBs and can warp freely. So the lateral
bending moment of the tension flange is equal to zero.
that is (2.12)
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In addition, as noted before, the lateral displacement and twist of the cross section at
the locations of the cross frames (with or without FRRBS) are assumed to be
completely restrained. Thus,
(2.13)
---
The boundary conditions for an I-girder with cross frames and FRRBs consist of
Equation (2.11), (2.12) and (2.13).
Differential equations with these boundary conditions are difficult to solve in
closed form. The complex boundary conditions will result in a" rather complex
characteristic equation from which it is difficult to obtain eigenvalues. Thus,
numerical procedures are used to solve the equations. In Chapter 3, we will discuss
".~
a finite difference solution for the critical buckling moment of I-girders with FRRBs.
2.4 AASHTO LRFD Lateral-Torsional Buckling Resistance Formulas
The AASHTO LRFD Bridge Design Specifications (AASHTO 1998) provide
formulas for the lateral-torsional buckling resistarfce that is derived from Equation
(2.6). The followin"g approximations (for a monosymmtric section) are made:
Where, d is the depth of the cross section. 'The compression flange moment of
inertia about the t-axis is assumed to be approximately equal to that of the tension
flange. The moment of inertia of the web about the y-axis is neglected.
Using these two approximations in Equation (2.6) and taking E21~c out of the
square root results in the following eqLiation:
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With n= 3.14, 2G =0.772, n 2 =9.87, Equation (2.6) becomes:
E .
I J d2yeMer =3.14ET 0.772-+ 9.87-2lye L (2.14)
This is the AASHTO formula for the lateral-torsional buckling moment capacity of
I-girders~ stocky webs. For I-girders with slender webs, the term with the torsion
constant J is omitted. For unbraced lengths with a moment gradient, the moment
gradient factor, Cb, is included as discussed below.
For I-girders with FRRBs, because FRRBs restrain the rotation of the
compressive flange and reduce the unbraced length, the effective unbraced length
KbLb is used in place of Lb in the AASHTO formulas. Thus the equations for girders
with FRRBs are as follows:
For I-girders with 2D, ~;tbJE • the I-girder is categorized as a stocky web section
. tw Fyc
and the moment capacity is:
(2.15)
Where, Dc is the depth of web in compression, Cb is the moment gradient correction
factor. The AASHTO Specifications give two formulas for Cb• Both are used in
analyzing I-girders with FRRBs in Chapter 3 and 6.
For I-girders with stocky webs, the St. Venant torsional stiffness and the warping
torsional stiffness are included in computing the elastic lateral buckling moment.
~.
However an inelastic lateral torsional buckling formula for stocky web is not included
18
~
in the MSHTO Specifications. This problem will be addressed later.
For I-girders with 2D, > A.b~ E , the I-girder is categorized as a slender web
t w Fyc
Iycd E
section. If KbLb > Lr =4.44 -- ,elastic lateral-torsional buckling controls and
Sxc Fyc
the moment capacity is: ~2.16)
For sections with slender webs or without longitudinal stiffeners, cross-sectional
distortion is likely. Thus, the St. Venant torsional constant J is taken as O. Equation
(2.16) is the elastic lateral-torsional bucking moment. When Kb Lb ~ L, I the inelastic
lateral buckling controlls. The MSHTO specifications provide a straight line
estimation of the inelastic lateral buckling resistance between RbRhM y and
O.5RbRhMy for slender webs. The formula is as follows:
IfL p <KbLb ~Lr' inelastic lateral-torsional buckling controls and the moment capacity
is:
(2.17)
2.5 Inelastic Equation for Sections with Stocky Webs
A straight line transition is used in the present study· to compute the inelastic
lateral-torsional buckling capacity for I-girders with stocky webs. The following
formulas are used for stocky web sections.
19
IfLp < KbLb~ Lr , inelastic lateral torsional buckling controls. For stocky web Lr is
as follows:
(2.18)
The above AASHTO formulas and this straight line transition for stocky web
sections Equation (2.18), all including Kb, will be called lateral-torsional buckling
(LT8) formulas with Kbin the following chapters.
20
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Chapter 3 Analysis of Bridge I-Girders with FRRB
This chapter focuses on the analysis methods for lateral-torsional buckling of
steel I-girders with flange rotational restraint braces (FRRBs). Three methods of
analysis are currently available. The first method is the finite element method which
was discussed and used by Murphy (1997). The second method is the finite
difference method which was also discussed and used by Murphy (1997). The third
method uses the MSHTO lateral-torsional buckling resistance formulas with an
effective length factor, as discussed in Chapter 2. This method treats the FRRBs as
I rotational springs, and an effective length factor Kb is calculated and used with the
unbraced length in the MSHTO equations. In this chapter the second and third
methods are discussed in more detail, and applied to the test specimen that i? the
focus of Chapter 4, 5, and 6.
3.1 Finite Difference Method
The coupled differential equations for lateral- torsional buckling, Equations (2.1)
and (2.2), cannot be solved directly when FRRBs are present at the ends of the
unbraced length. However, a numerical method, the finite difference method can be
used to solve the equations.
The finite difference method provides an approximate solution to the
differential equations. In this method, the domain of the independent variable of the
differential equations is discretized, and the derivatives of the dependent variables
are replaced with difference formulas written in terms of the dependent variables at
the discrete points. At each discrete point, the differential equations are written in
terms of the difference formulas. This process produces a system of simultaneous
21
equations which can be solved to determine the values of the dependent variables at
the discrete points. The difference formulas are approximations of the derivatives.
The accuracy of the approximation increases with an increase in the number of
discrete points. However, an increase in the number of points increases the size of
the system of simultaneous equations. Figure 3.1 illustrates the finite difference
analysis model. The independent variable is Z. Over the unbraced length Lb, 2m+1
discrete points are identified, spaced at a distance h. FRRBs are locateq. at point 0
and polint 2m. At each point, between point 0 and 2m, the differential equations are
written and difference formulas are used to approximate the derivatives.
FRRB
~,----- ,-----n
z
'" '" '" '"
,...,
'" '" -0'-' -' '-' '-' '-' '-' -' r'"
- o 2 m m+1 2m 2m+1
-----..1_4__Lb - __.1_4
Point 0 Divided into 2m segments Point 2m
Figure 3.1 Finite difference analysis model
3.1.1 Finite Difference Equations
The finite difference model of an unbraced length Lb is shown in Figure 3.1. The
model starts from point 0 and ends with the point 2m. The point -1 and 2m+1 exist
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outside the unbraced length. These points are added to describe the boundary
conditions. Point 0 and 2m are the, boundary points of the unbraced length. The
displacement (u) and rotation (<p) are known to be zero at these points. So the finite
difference equations are only written at the points within the unbraced length, from
point 1 to point 2m-1.
For the case of constant moment (M~ =0 and Mx =Mo), the second and fourth
derivatives of u and <P in Equations (2.4) and (2.5) are replaced with the finite
difference formulas. The following finite difference equations for the constant
moment case are obtained:
(<Pi+l - 2<pj +<PH )
h2
(3.1 )
EI (<Pi+2 - 4<pj+1 + 6<pj - 4<pj_1 +ui-2) _ GJ (<Pi+1 - 2<pj + <Pi-I) =
IV h4 h2 (3.2)
Equations (3.1) and (3.2) are written for each internal point in the unbraced
length shown in Figure 3.1. Thus for 2m-1 points, a system of 4m-2 equations
results.
3.1.2 Boundary Conditions
Boundary conditions at the ends of the unbraced length are necessary to solve
r-...
Equations (3.1) and (3.2). Points -1 and 2m+1 outside the unbraced length are
involved in the finite differen-ce formulas which are used to represent the derivatives
in the differential equations at, the points 1 and 2m-1. Equations for the boundary
conditions will relate the points outside of the unbraced length to the points inside the
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unbraced length. Since the structure and materials are symmetric, a symmetric
model is used. The symmetric model only uses point -1 to point m.
Equation (2.13) provides four boundary conditions obtained from the
requirement that lateral displacement and twist at the ends of the unbraced length
are restrained by the bracing (the cross frames). Due to the symmetry, only these
boundary conditions at point 0 are used here.
uo =0
<Po =0
(3.3)
(3.4)
Equation (2.11) provides another boundary condition from the equilibrium of the
joint between the compression flange and the FRRB. Equation (2.11) is repeated
below:
(2.11 )
Representing Equation (2.11) using finite difference formulas results in the following:
(3.5)
Equation (2.12) provides the boundary condition from the tension flange, where
the lateral bending moment is zero. Equation (2.12) is repeated below:
(2.12)
Equation (2.12) written using finite difference formulas is as follow:
(3.6)
Due to the symmetry of the deflected shape, the slopes of the displacement
function and the twist function at the mid-point m are zero. That is, the first
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derivatives of displacement and rotation at point m are zero..
u' =0 <po =0m m
Representing these conditions using finite difference formulas results in the following
formulas:
u' = um+\ -um- 1 = 0
m 2h <P
o = <Pm+l - <Pm-I = 0
m 2h
From the above finite difference formulas, the following boundary condition can be
derived.
<Pm+\ =<Pm-I
(3.7)
(3.8)
The asymmetric internal force should be zero for a symmetric structure with the
symmetric applied load. So the shear force in the flanges due to lateral bending is
zero at the section of mid-point m. Setting the shear in the compression flange and
the tension flange to zero results in, respectively,
The expressions for Uc and Ut, Equation (2.7) are substituted into the above
equations, resulting in:
Solve these two simultaneous equations together, u~ and <p~ are obtained:
u
lll
= 0m
Using finite difference formulas for these derivatives results in the following:
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um+2- 2um+1 + 2um_1 - Um-2 =0
2h 3
<Pm+2 - 2<Pm+\ +2<Pm-l - <Pm-2 =0
2h3
Substituting Equations (3.7) and (3.8) into the above formulas, the boundary
conditions for the midpoint are obtained as follows:
(3.9)
(3.10)
3.1.3 Solution of Finite Difference Equations
The lateral torsional buckling moment of steel I-girders with FRRBs can be
determined from an eigenvalue analysis of the finite difference equations. The
minimum eigenvalue is the critical" moment of the unbraced length with FRRBs. The
eigenvalue problem can be represented by the following matrix equation:
RX -A OX = 0 .
d
(3.11 )
Where A is an eigenvalue and X is an eigenvector. Rand 0 both are coefficient
matrices. The minimum eigenvalue can be obtained by the inverse power method
using the following formulas. Equation (3.11) is rewritten as follows:
RX= AOX
(3.12)
The eigenvalue A can be solved by iteration.
3.1.4 Matrix Format of Finite Difference Equations
In this study, we assume the unbraced length is divided into 20 segments from
point 0 to point 20. The internal points are numbered from 1 to 19. We apply
Equations (3.1) and (3.2) for each internal point and include two boundary equations,
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Equtations (3.5) and (3.6) at each end, thus, 42 finite difference equations are
obtained. When we consider symmetry, 20 finite difference equations are used for
half the internal points and Equations (3.5) and (3.6) are applied at only one end.
The matrix format of the equations is as follows:
([R] - M0 [D]) X =0 (3.13)
Where, M 0 is the minimum eigenvalue, Le., the lateral-torstional buckling moment. R
and D are the coefficient matrices. X is the vector of the lateral displacements and
twist. Assuming symmetry, the matrices are as follows:
u_1
<P-I
ul
u2
lR
lI RI2 RIl ]
D =l~ 00]- -X= R = 21 R22 R33a ~R33b Q \D 23ulQ R31 0 D32 D33
<PI
<P2
<PIO
[
b bc J [a 0 0 0 0 0 0 0 0 01
RII = d -de' ~2= d 0 0 0 0 0 0 0 0 oj' [ ac 0 0 0 0 0 0 0 0 01~3= -de 0 0 0 0 0 0 0 0 oj
k h3 k h3 h2Where a=h2__s - b=h2+_s -, c=d'{1-p), d=-, e=d'p
, 4El yc '4Elyc Elyc
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1 0 6 -4 1 0 0 0' 0 0 0 0
0 0 -4 6 -4 1 0 0 0 0 0 0
0 0 1 -4 6 -4 1 0 0 0 0 0
0 0 0 1 -4 6 -4 1 0 0 0 0
Ely 0 0 Ely 0 0 1 -4 6 -4 1 0 0 0R21 =- R22 =-h4 0 0 h4 0 0 0 1 -4 6 -4 1 0 0
0 0 0 0 0 0 1 -4 6 -4 1 0
0 0 0 0 0 0 0 1 -4 6 -4 1
0 0 0 0 0 0 0 0 1 -4 7 -4
0 0 0 0 0 0 0 0 0 2 -8 6
0 1 6 -4 1 0 0 0 0 0 0 0
0 0 -4 6 -4 1 0 0 0 0 0 0
0 0 1 -4 6 -4 1 0 0 0 0 0
0 0 0 1 -4 6 -4 1 0 0 0 0
R =Elw 0 0 R Elw 0 0 1 -4 6 -4 1 0 0 0
31 h4 0 0 33a =h"4 0 0 0 1 -4 6 -4 1 0 0
0 0 0 0 0 0 1 -4 6 -4 1 0
0 0 0 0 0 0 0 1 -4 6 -4 1
0 0 0 0 0 0 0 0 1 -4 7 -4
0 0 0 0 0 0 0 0 0 2 -8 6
2 -1 0 0 0 0 0 0 0 0
-1 2 -1 0 0 0 0 0 0 0
0 -1 2 -1 0 0 0 0 0 0
0 0 -1 2 -1 0 0 0 0 0
GJ 0 0 0 -1 2 -1 0 0 0 0
R33b =t;2 0 0 0 0 ,....1 2 -1 0 0 0
0 0 0 0 0 -1 2 -1 0 0
0 0 0 0 0 0 -1 2 -1 0
0 0 0 0 0 0 0 -1 2 -1
0 0 0 0 0 0 0 0 -2 2
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2 -1 0 0 0 0 0 0 0 0
-1 2 -1 0 0 0 0 0 0 0
0 -1 2 -1 0 0 0 0 0 0
0 0 -1 2 -1 0 0 0 0 0
1 0 0 0 -1 2 -1 0 0 0 0
°23 =- 0 2 -1 0 0 0h2 0 0 0 -1
0 0 0 0 0 -1 2 -1 0 0
0 0 0 0 0 0 -1 2 -1 0
0 0 0 0 0 0 0 -1 2 -1
0 0 0 0 0 0 0 0 -2 2
2 -1 0 0 0 0 0 0 0 0
-1 2 -1 0 0 0 0 0 0 0
0 -1 2 -1 0 0 0 0 0 0
0 0 -1 2 -1 0 0 0 0 0
033 =h 0 0 0 -1 2 -1 0 0 0 0
h2 0 0 0 0 -1 2 -1 0 0 0
0 0 0 0 0 -1 2 -1 0 0
0 0 0 0 0 0 -1 2 -1 0
0 0 0 0 0 0 0 -1 2 -1
0 0 0 0 0 0 0 0 -2 2
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3.1.5 Analysis of Test Specimen Using Finite Difference Method
The above finite difference equations are based on constant bending moment
over the unbraced length. The test specimen used in this study is described in
Chapter 4 and 5. The specimen has two I-girders with four cross frames. The two
intermediate cross frames have FRRBs. The I-girders are loaded in 4-point bending,
with the loads applied at the locations of the intermediate cross frames. Thus, only
the inner unbraced length between the intermediate cross frames are under constant
bending moment, and the finite difference equations given in the previous sections
apply only to this unbraced length.
The inner unbraced length is divided into 20 segments. Using the symmetry, 20
finite difference equations are obtained by applying Equations (3.1) and (3.2) to the
internal points from point 1 to point 10. Equations (3.5) and (3.6) are applied to the
location of the. FRRB at point O. Then the minimum eigenvalue is determined using
Equation (3.13). That is the moment capacity of the inner unbraced length, which is
18455.8 k-in. This result applies when the behavior is controlled by linear elastic
buckling. If the buckling of the inner unbraced length is inelastic buckling, this result
does not apply.
3.2 Analysis Using LT8 Formulas with Kb
In Chapter 2, the lateral-torsional buckling (LTB) resistance formulas for 1-
girders with FRRBs were proposed. Because FRRBs restrain the rotation of the
compressive flange and reduce the unbraced length, the effective unbraced length
KbLb replaces Lb in the AASHTO LTB ·resistance formulas. Also, in Chapter 2, a
modification to the AASHTO LTB formulas was introduced to consider inelastic
buckling of I-girders with stocky webs. The effective length is as follows:
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.0' .
(3.14)
There are two methods to calculate the factor Kb, an alignment chart method and
an application of the finite difference method. Only the first method will be used
below.
3.2.1 Alignment Chart Method to Determine Kb
To use the ~Iignment chart, the rotational stiffness parameters \fl, and \fl z are
calculated at the locations where the compression flange is braced by the FRRBs.
The rotational stiffness parameter reflects the restraint of the FRRBs on the
compression flange. From the values of 411 and 412' the value of Kb is determined
from an alignment chart. (Salmon and Johnson 1971)
(3.15)
Where, Ls is the spacing between girders, and
I~RRB is the moment of inertia of the FRRB flange.
Equation (3.15) can be simplified if only one FRRB is attached to the girder at each
joint and the moment of inertia of the compression flange is constant.
(3.16)
With 411 and 412 determined, an alignment chart can be used to find the factor Kb• The
following equation is used to determine Kb with more accuracy.(Salmon and Johnson
1971 ).
31
2 11:/.
\111\11211: (\III +\112)'(1 /Kb ) 2 11:_ 1----+ - +--tan---
4 K~ 2 tan Ikb Ikb 2Kb (3.17)
The test specimen discussed in Chapters 4, 5, 6 is analyzed using the LTB formulas
with Kb. Equation (3.16) is used to determine lIJ1 and lIJ2 ' and Equation (3.17) is used
-to determine Kb• This analysis for the test specimen is discussed below.
3.2.2 Kb Factor for Test Specimen Using Alignment Chart Method
As shown in Chapter 4, the cross frames of the test specimen divide the
compression flange into three unbraced lengths. As noted above, the intermediate
cross frames have FRRBs. The rotational stiffness parameter for -the east FRRB
~he one at the west FRRB is lIJ2' The rotational stiffness parameters for the
east end cross frame, lIJ3 and the west end cross frame, lIJ4' are also needed.
For the north girder, the rotational stiffness parameters are:
lye' Ls 1 14J1=--(-+-) =0.633
Iyf Lb1 Lb2
Where, Lb1 = 285.875 in, Lb2 = 789.125 in, Lb3 = 286.25 in, Ls = 74.875 in. With
these values forllJ, Equation (3.17) is used to determine the Kb factor. For the inner
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unbraced length:
From this equation, Kb =0.716
For the outer unbraced lengths:
From this equation, Kb =0.839. Since 'P I ='P 2 and 'P 3 ='P 4 ' the two outer unbraced
lengths have the same Kb value.
For the south girder, the rotational stiffness parameters are:
Where, Lb1 =285.875 in, Lb2 =788.875 in, and Lb3 =286 in
(
The Kb factor is calculated from Equation (3.17):
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For the inner unbraced length, Kb =0.716 and for the outer unbraced lengths, Kb =
0.839.
The Table 3-1 summarizes the Kb factors.
Table 3-1 Kb Factors of Test Specimen
Inner Unbraced Outer Unbraced
Length Length
South Girder 0.716 0.839
North Girder 0.716 0.839
3.2.3 Moment Capacity of Test Specimen Using LTB formulas with Kb
For this calculation, the Yound's modulus is 30000 ksi (20700 MPa), and the
yield strength is 83.5 ksi (575 MPa) which is from tension coupon tests as described
in Chapter 4.
For the north girder, the inner unbraced length is categorized as a stocky webs
cross section. Lp <KbLb<Lr which indicates that inelastic buckling controls, so
Equation (2.18) is used to determine the moment capacity.
M" ~ C.RhM+ - o.s(K~~~~~P ) ] ~ 11,114 kip-in
Where, Rh =1.0 and My =1642 k-in.
As discussed in Chapter 4, the outer unbraced length has two different cross
sections, called Section 1 and Section 2. Also, the outer unbraced length has a
moment gradient, so the moment gradient factor Cb is needed for the LTB formulas.
The AASHTO LRFD Bridge Design Specifications include two formulas for Cb. For
the moment diagram of the outer unbraced I.ength, Cb = 1.67 and Cb= 1.75 are
obtained from these formulas.
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For outer unbraced length of the south girder, Section 1 is categorized as a
stocky web cross section. KbL b>Lr , which indicates elastic buckling controls, so
Equation (2.15) is used:
Where, Rh = 1.0, My = 1552 k-in, Cb1 = 1.67, Cb2 = 1.75, and d is the height of cross
section. Section 2 has a stocky web. KbLb>Lr , elastic buckling, so Equation (2.15)
is used:
[
2]1/2
Mn =3.14·E·C b1 ·Rh .(~). O.772[~J +9.87(_d_) = 10158 k-inKbL b I~ KbL b
Mn =3.14·E,C b2 ·Rh .(~) '[O.772[~J + 9.87(_d_) 2]1/2 =10645 k-inKbL b . I~ KbL b
Where, Rh = 1.0, My = 1642 k-in, Cb1 = 1.67 and C b2 = 1.75,
The south girder is similar to the north girder, except the dimensions vary
slightly. For the inner unbrace length, Lp <KbLb<Lr , so Equation (2.18) is used:
Where, Rh = 1.0, My = 1642 k-in, Cb1 = 1.67 and C b2 = 1.75
For the outer unbraced length with Section 1, KbL b> Lr ' so equation (2.15) is used:
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Where, Rh = 1.0, My = 1553 k-in, Cb1 = 1.67 and Cb2 = 1.75
For the outer unbraced length with section 2 and KbLb>Lr , Equation (2.15) is used:
Where, Rh = 1.0, My = 1642 k-in, Cb1 = 1.67 and Cb2 = 1.75.
The above results are summarized in Table 3-2.
Table 3-2 Lateral-Torsional Buckling Moment Capacity of Test Specimen
Moment from LT8 Formulas with Kb (k-in)
Inner Unbraced Outer Unbraced Length Outer unbraced Length
Len!=jth (Section 1) (Section 2)
Cb1 =1.67 Cb2 =1.75 Cb1 =1.67 Cb2 =1.75
South Girder 10866 9468 9920 10203 10689
North Girder 11114 9424 9884 10158 10645
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Chapter 4 Design and Properties of Test Specimen
The test specimen is based on I-girders and FRRBs designed for a prototype
bridge by Ellis and Sause (1999). The prototype bridge is a simply supported single
span bridge with no skew. It is 131.24 ft (40 m) long and 50 ft (15.2 m) wide. The
bridge has two driving lanes and sidewalks. The bridge has four straight I-girders
spaced at 12.5 ft (3.8 m) with 6.25 ft (1.9 m) overhangs. The four girders are braced
by conventional cross frames at the ends (at the bearings) and two intermediate
cross frames with FRRBs. The concrete deck is 10 in (254 mm) thick. The bridge
was designed according to the AASHTO LRFD Bridge Design Specifications (1998),
including the loading conditions and the limits states of strength, serviceability and
fatigue. The girders were designed for HPS-70W steel with a nominal yield stress of
70 ksi (485 MPa). The cross frames spacing and FRRBs were designed so that
lateral-torsional buckling occurred in all three unbraced lengths at approximately the
same load level in order to minimize the restraint against buckling that can be
provided by adjacent unbraced lengths that are not buckling.
The te$upecimen was obtained by scaling the I-girders designed for the
prototype bridge by one-half due to the limitations of the test facility in Fritz Lab of
Lehigh University. The test specimen consists of a pair of I-girders braced by cross
frames. The two intermediate frames have FRRBs and the end cross frames do not.
The design details of the prototype bridge are given in Ellis and Sause (1999).
·4.1 Dimensions of Test I-Girders and FRRBs
Each I-girder is divided into three unbraced lengths by four cross frames. The
unbraced lengths at the ends are called the outer unbraced lengths. The middle one
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is called the inner unbraced length. The span length of the I-girders from centerline-
to-centerline of the bearings is 65.61 ft (20 m). The outer unbraced length from the,
centerline of the bearing to the centerline of the intermediate cross frame connection
plate is 23.79 ft (7.25m). The inner unbraced length from the centerline of both
intermediate cross frame connection plates is 18 ft (5.49 m). The I-girders are
spaced 6.23 ft (1900 m) apart to the web centerlines. Figure 4.1 shows the geometry
of the design test specimen.
The prototype bridge girders were designed with shop slices to reduce cross-
section weight. The two shop slices divide the girders into three segments. The
segment between the end of the girders and the plate transitions are called the end
segments. The cross section for this segment is called Section 1."The segment
between the two plate transitions is called the middle segment. The cross section for
this segment is called Section 2. The shop slices locations and segment lengths are
shown in Figure 4.1. The cross sections for Section 1 and Section 2 are shown in
Figure 4.2.
The FRRBs are composed of a built-up T-section. The dimensions of the FRRB
cross section are shown in Figure 4.2. The nominal length of the FRRBs is the girder
spacing.
38
(a) Test Specimen Girder Elevation
Bearing stiffener
In!. cross frame
connection plate
In!. cross frame
connection plate Bearing stiffener
Flange/web
splice
offset 6"
1
'"-lj: 23' - 9 7/16" _.r-- 18' - 01/2" --1...a----- 23' - 9 7/16" ----:1 r 3"65'·73/8" -----------------
(b) Flange shop splices
Middle segmentEnd segment
r-- 13'·41/2" ----1l<>a---------
End segment
39' ·43/8" ---------01.r 13' • 4 1/2" ---I
End segment
(c) Web shop splices
Middle segment End segment
r 13'·101/2" --11<>0--------- 38'·83/8" ---------<>+-- 13' - 10 1/2" -1
Figure 4.1 Test specimen girder geometry
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(a) End segment ---- Section 1
.Lr- 9.5 --,
1/2 I
I
(c) FRRB
(b) Middle segment -- Section 2
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Note: Dimensions are in inches
Figure 4.2 Test specimen and FRRB cross section nominal dimensions
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4.2 Cross Frame Design
The girders are braced by two intermediate cross frames with FRRBs. The cross
frames are designed to resist lateral-torsional buckling. The approach used to design
the cross frames is given in Ellis and Sause (1999).
For economical reasons, the intermediate and end cross frame members used a
limited number of angle sizes. The bottom chords and piagonal members use only
one angle size. The bottom chord is large enough to allow the diagonals to be
welded to it. In this way, a gusset plate is eliminated. The stiffness of cross frames
satisfied the following formula:
1 1 1 1-~-+-+-
~T ~b ~sec' ~g (4.1 )
Where, ~T is the required stiffness of a combined bracing system consisting of the
cross frames, the connection plates and the girders (Yura and Helwig 1996). ~b is
the cross frame stiffness, ~sec is the stiffness of the webj1nd stiffeners, and ~g is the
girder stiffness.
The required bracing stiffness ~T is calculated by the following formula:
-4
(4.2)
Where, n is the number of braces, L is the span of the girder, Mf is the maximum
moment in the girder, Cbb is the moment gradient factor between cross frames, leff is
the effective moment of inertia of the girder about the y axis.
The cross frame members are designed to resist the following moment:
M = O.04·L·Mf
br n .E.Ielf • C~b
41
(4.3)
The cross frame dimensions are shown in Figure 4.3. The bottom chord
The above design approach is discussed in more detail in Ellis and Sause (1999).
('
dimensions were increased from the minimum size needed to satisfy the required
stiffness and strength to provide enough space for welding the diagonal members.
The top chord of the intermediate cross frames is the T-section FRRB described
previously. The top chord of the end o(oss frames is a channel. The depth of the
channel allowed enough space to weld the diagonals.
4.3 Connections
The .cross frames are attached to the connection plates with 1/2 in (13 mm)
diameter high strength bolts (A325). As shown in Figure 4.3, there is an offset of 2 in
(51 mm) between the bottom chord and the bottom flange for both the intermediate
cross frames and the end cross frames. The offset is 1 1/2 in (38 mm) between the
top flange and the top chord.
The FRRB flange is connected to the I-girder top flange using a bolted splice
connection plate (19 5/16 in x 9 % in x % in). The bolts are 1/2 in diameter high
strength bolts (A325). The FRRB web is bolted to the cross frame connection plate,
as shown in Figure 4.4.
4.4 As-Built Dimensions and Properties
The test specimen is composed of two I-girders which are called the north and
south girders. The girders spaced 6.24 ft (1900 mm) apart. The as-built dimensions
of the north and south girders have slight differences (see Figures 4.5 and 4.6). The
as-built cross section dimensions are shown in Figure 4.5.
Tension coupons were tested to obtain the material properties of the test
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girders. The coupons and tests .satisfied the ASTM E8 speCifications. Four tension
coupons were fabricated from the top flange plate, with a thickness of 1/2 in (13
mm). Three were fabricated from the web plate, with a thickness of 5/16 i.n(8 mm).
The test results of the coupons are shown in Table 4-1. The elastic modulus of the
test specimen was taken as 30000 ksi (207000 MPa).
Table 4-1 Tension Coupons Test Results
Yielding Stress Ultimate Tension Stress Ratio
, (ksi) Stress (ksi)
Top Flange 83.5 (575MPa) 99.2 (684MPa) 0.84
Bottom Flange 84.2 (580MPa) 95.5 (658MPa) 0.88 I.--
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(a) Intermediate cross frame
1/4 Fill It
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Figure 4.3 Test spedmen cross frames
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Figure 4.4 FRRB connection detail
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(b) Elevation
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Note: Dimensions are in inches
Figure 4.5 As-built test specimen dimensions
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End cross frame
(a) North girder
Int. cross frame Int. cross frame End cross frame
'\ (3"-1I~ 2_3'_-9_71_s"_I_··__blo__ 1S'-1" --+- 23'-101/4" ---:1 r- 3"
.~ 65' - 91/S" -----------------<>-
(b) South girder
End cross frame Int. cross frame Int. cross frame End cross frame
(
3" -11_: 23_'-_9_7/S_" t_lo__ ::: ~ :"7/S" __+ 2_3'_-1_°" ---<>:1 r- 3'
Figure 4.6 As';built test specimen geometry
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4.5 Analysis of Test Specimen with Assumed Kb Factor
The lateral-torsional buckling moment capacity of the test specimen was initially
estimated using the LTB equations with Kb, as introduced in Chapter 2. For the
design of the test specimen, Kb factors of 0.71 and 0.82 for the inner and outer
unbraced lengths respectively were assumed (Ellis and Sause 1999). The yielding
stress of test specimen was assumed to be 70 ksi. The moment gradient factor Cb
was assumed to be 1.67 for the outer unbraced length and 1.0 for the inner unbraced
length.
Thus, the lateral-torsional buckling moment capacity using these assumed Kb
values can be determined as follows. The inner unbraced length has a stocky web
and is controlled by inelastic buckling. Using Equation (2.18), the lateral-torsional
buckling moment capacity is determined to be 9424 k-in (1064.7 kN-m). The outer
unbraced length has a stocky web and is controlled by elastic buckling. Using
Equation (2.15), the lateral-torsional buckling moment capacity is 9442 k-in (1066.7
kN-m) if the unbraced length is assumed to consist of only Section 1. If this unbraced
length consists of only Section 2, the moment capacity is 10141 k-in (1145.7 kN-m).
Since the cross section changes near the middle of the outer unbraced length, the
lateral-torsional buckling moment capacity of the outer unbraced length is taken as
the average of the two values, which is 9792 k-in (1106.29 kN-m). The difference in
the lateral-torsional buckling moment capacity between the inner and outer unbraced
lengths is 3.9%, and thus, it is seen that, as designed, the inner and outer unbraced
lengths have essentially the same lateral-torsional buckling moment capacity. The
analysis results given_at the end of Chapter 3 show that, using the actual dimensions
and material properties of the test specimen, the moment capacity of the inner
unbraced length is somewhat large than that of the outer unbraced length.
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Chapter 5 Test Set-Up, Instrumentation, and Test Procedure
\"
The test was conducted on the dynamic test bed in Fritz Laboratory at Lehigh
University. The test was static, but the dynamic test bed provided the laboratory floor
bolt spacing needed to conduct the tests. This chapter presents the test set-up,
instrumentation, and test procedure.
5.1 Test Set-Up
The test specimen was oriented longitudinally on the test bed in the east-west
direction. It was supported on two steel pedestals 39 in (0.991 m) high and 108 in
wide (2.74 m). At the bearings, each girder of the test specimen rested on a roller 6
,
in (152 mm)in diameter and 10 in (254 mm) long made of hardened steel with a
nominal yield stress of 100 ksi (690 MPa). Copper shims were placed between the
roller and the girder bottom flange to help provide uniform bearing. Figure 5.1 shows
cross frame where the load was applied. Each girder of the test specimen was
loaded in four-p,?int bending with hydraulic actuators applying loads at two points on
each girder (see Figure 5.3). Four hydraulic actuators with a 12 in (305 mm) stroke
were used to simultaneously apply·load to both girders. Each hydraulic actuator was
~ .
bolted to the girder bottom flange at the location of an intermediate cross frame
connection plate. Each actuator had a top and bottom clevis to allow the girders to
rotate freely at the load points (see Figure 5.3). The clevis at the bottom of the
//\ actuator was pin connected to a steel tab which was welded to a bearing plate. The
l" ,,)
bearing plate J:Jas anchored to the laboratory floor using the standard bolt spacing.
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Figure 5.3 Test specimen view at load point
The nominal hydraulic pressure in each actuator was the same, and each actuator
had the same dimensions so it was assumed that the same load was applied at each
load point by the actuators. The applied load was measured using two pressur~_
transducers called PT1 and PT2. Four load cells were used to record the reactions.
Pressure was generated by a pump. A manifold connected to the pump by a
pressure line and a return line hae--t6Ur individual pressure lines and return lines to
distribute pressure to the four actuators (see Figure 5.4). PT1 was located at the
hydraulic actuator at the west intermediate cross frame of the north girder and PT2
was located in the pressure line between the hydraulic pump and the manifold. The
two pressure transducers allowed losses in the hoses to be accounted for.
5.2 Instrumentation
Instrumentation was placed on the test specimen to measure vertical
deflection, lateral deflection of the top and bottom flanges, strains in the girder and
FRRB flanges, and girder end rotations. Instrumentation was placed symmetrically
on the test girders.
A description of the rotation meters, load cells, and displacement transducers for
each test girder is shown in Figure 5.5. Vertical deflection was measured using
vertical displacement transducers attached to the girder bottom flange at the girder
midspan and 21 ft (6.4 m) from the girder midspan in the east and west direction.
Lateral deflection of the girder top and bottom flanges was recorded using horizontal
displacement transducers at the same locations as the vertical displacement
transducers. The horizon.tal .displacement transducers were attached to the exterior
of the girder flanges. Rotation meters were placed on the bearing stiffeners.
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Figure 5.4 Pump and manifold system
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Figure 5.5 Displacement, rotation, and reaction instrumentation
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Strain gages were placed on the girder top and bottom flange and the FRRB
flange to measure longitudinal strains. The locations and labels of the str~in gages
are shown in Figure 5.6. Strain gages located along the two longitudinal edges of the
top surface and bottom surface of the top flange of girders were used to measure the
lateral bending strains of the top flange, These gages are called, respectively, top
surface strain gages and bottom surface strain gages. Strain gages located at the
centerline of the top and bottom flanges were used to measure the strains due to the
primary bending.
Figure 5.7 shows that seven cross sections were chosen to locate the strain
gages on each girder. Two types of strain gage sets were used for the seven
sections. One strain gage set used a total of four strain gages on the cross section
and is called the 4-strain-gage section. Three of the four gages were on the top
surface of the top flange and one of the four gages was on the centerline of the
bottom surface of the bottom flange. The second strain gage set used a total of five
strain gages on the cross section, and called the 5-strain-gage section. Four of the
strain gages were along the longitudinal edges of the top and bottom surface of the
top flange, and one of the strain gages was on the centerline of the bottom surface of
the bottom flange.
Three cross sections on each FRRB were chosen for locating the strain gages.
Two strain gages were placed along the two longitudinal edges of the flange of the
FRRBs at each section (see Figure 5.6 and 5.7).
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Figure 5.6 (a) Strain gage identification for south girder
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Figure 5.6 (b) Strain gage identification for north girder
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59
5.3 Test Procedure
,
The test specimen was tested in four-point bending producing a constant moment
region between the intermediate cross frames and a linearly varying moment
between the end and intermediate cross frames. The test specimen was loaded in
two phases: (1) two elastic cycles up to 17 kips (75.6 KN); and (2) load to failure. The
elastic loading cycles were used to align and properly seat the specimen, and check
the instrumentation. The hydraulic actuators applied load at a rate of approximately 1
kip (45 KN) per minute. The loading rate was approximately eqU~diSPlacement
rate of 0.25 in (6 mm) per minute. This loading rate remained constant until failure.
Throughout the elastic loading cycles, and the loading to failure, instrumentation was
recorded using a data acquisition system that scanned the instrumentation.
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Chapter 6 Test Results
During the test, the applied load of the test was recorded in pressure in the
hydraulic line. A pretest calibration has to be done to build a relationship between
applied load and pressure. Then the applied load is determined from the recorded
pressure. And we also compare the reaction from load cells to the applied load
. ~cula~om the pressure measurements to verify the result of each other. The
{' tes~ata are shown in the figures. The average strain and lateral curvature of test
girder top flanges and FRRBs are analyzed based on the applied load PT1. The
deflections of test girders are determined based on the measured vertical and
horizontal displacements. We consider the initial imperfection of girders to determine
the deflection shape of test girders. The moments are calculated at the cross
sections with strain gages by three methods. The lateral-torsional buckling moment
capacity is determined for test specimen based on the moments obtained from the
test data.
6.1 Applied Load Measurement
As discussed in Chapter 5, the test specimen load is applied using hydraulic
actuators. The load is controlled by the pressure in the hydraulic lines. The pressure
is measured by pressure transducers. The actual loads applied to the test specimen
are the pressure times the area of the actuator piston less the friction forces in the
actuators.
A pretest calibration was conducted using a universal test machine to relate the
load from the hydraulic actuators to the corresponding pressure. The actuator was
placed in the test machine and pressure applied to the actuator was measured.
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Using the pressure transducers the load measurements from the test machine were
plotted versus the applied pressure. Then regression was used to determine the
linear factor between the pressure measured by the pressure transducers and the
load developed by the actuators. Pretest calibrations of the load cells used at the
bearing of the test specimen were also conducted.
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Despite these pretest calibrations, some discrepancies in loading and unloading
of the test specimen were observed. Figure 6.1 shows the load determined from
pressure transducer PT1 versus the reactions measured by the load cells. The figure
shows discrepancies between the results. Simple theory sugge$ts that the load from
the actuators (i.e. from PT1) should equal the reactions. Some differences exist for
the loading branch pf the test. These will be discussed below. However, bigger
differences exist for the unloading branch due to friction within the actuators. The
friction is between the piston and the cylinder wall, and between the rod and the seal
of the actuators. The friction force influences the relationship between the applied
load and pressure because it is always opposite to the direction of the movement.
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rThe friction force changes direction when the actuator movement changes direction.
During the loading phase of the test, the load applied to the test specimen
produces downward displacement of the girders. The friction force opposes the force
generated by the pressure and reduces the load applied to the girders (see Figure
6.2). This effect was taken into account during the pretest calibration relating the
~
force in the hydraulic actuators to the pressure.
During unloading, if the girder is elastic, as the load on the girder decreases, the
deflection of the girder reduces. The friction force opposes the upward movement of
the girders, and the friction force increases the applied load (see Figure 6.3(a)). If the
girder is failing during unloading, as the load on the girder decreases, the deflection
of the girder does not reduce and the movement of the girder is still downward. Thus,
th~ friction force is still opposite to the force produced by the pressure (see Figure
6.3 (b)). Thus the relationships between the applied load and pressure are as
follows:
..
• Loading of test specimen:
applied load =pressure x' piston area - friction
• Unloading of test specimen with elastic girder:
applied load =pressure x piston area + friction
• Unloading of test specimen with girder failing:
applied load =pressure x piston area - friction
(6.1 )
(6.2)
(6.3)
Using the above formulas to analyze Figure 6.1, we can obtain that the south girder
is elastic unloading, which is supported on load cell 2 (LC2) and load cell 4 (LC4).
Since the friction force makes up the decrease of applied load during the unloading,
the applied force doesn't change at the beginning of the unloading, the
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·unloading path goes back along the loading path. And the north girder is failing
during unloading, which is supported on load cell a (LCO) and load cell 3 (LC3). Due
to the friction force still decreasing the applied load during the unloading, the
unloading path is different from the loading path. The distance between the two
paths is the magnitude of the friction force.
It is consistent with the phenomena we observed during the testing that north
girder was failing and south girder was not failing.
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6.1.1 Relationship between Load from Pressure Transducer and Reaction from
Load Cells
Load cells were used to measure the reactions at the bearings of test specimen.
LCO and LC3 are located at the bearings of the south girder. LC2 and LC4 are
located at the bearings of the north girder. If we assume that each actuator applies
the same load (given by the pressure measured by PT1) and that the cross frames
do not distribute the load between the test girders, then the applied loads and the
reaction from the four load cells are expected to have essentially the same values.
However, the test result shows the four load cells and the applied load from
pressure transducer PT1 have different values. Figure 6.4 shows the plots of the
force from pressure transducer PT1 vs. the reaction from the four load cells LCO,
LC3, LC2, LC4. Due to the actuator friction discussed above, only the data up to the
peak load from PT1 (before unloading) is shown. The peak values from the load cells
are 32.17 kips, 32.32 kips, 34.47 kips and 36.56 kips. The peak value from PT1 is
33.97 kips, which is located at the load point at the west FRRB of the north girder.
The peak value from PT2 is 34.00 kips and is close to that from PT1.
The difference between the peak values and the nonlinearity of the plots in
Figure 6.4 suggests that load redistribution by the cross frames is occurring. From
the strain gage data, which is used to estimate the bending moments in the test
girders as discussed later, it appears that the shear forces in the test girders are not
as different from one another as are the reactions. This result suggests that the end
cross frames produce most of the load redistribution. The average load cell
measurement of 33.88 kips at the peak load is similar to the load from PT1 of 33.97
kips. This result suggests that the load from PT1 is a good measure of the applied
load as well as the shear in each girder. Figure 6.5 shows that the relationship
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between the load measured from PT1 and the average of four load cells
measurements is nearly linear. As a result, the load from PT1 will be used in most of
the subsequent plots.
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6.2 Measured Strain and Average Strain
Figure 6.6 shows plots of the load from PT1 vs. the measured strain for all the
J
strain gages on the girders. Plots of the load from PT1 vs. the average strain are
showed in Figure 6.7. In Figures 6.6 and 6.7, the units of strain are micro strain (Le.,
in/in x10-6 ). SGXX in the figures means strain gage XX, XX is the number of strain
gages. The "average strain" is defined as follows.
The strain gage layout for the test girders was shown in Figure 5.6. For a 5-
strain-gage section, the strain from the four strain gages on the top flange can be
averaged to eliminate the lateral bending and local plate bending of the flange. The
average strain is then the primary bending strain of the middle surface of the top
flange.
For a 4-strain-gage section, the strain from the two strain gages on the edges
can be averaged to eliminate the lateral bending strain and obtain the primary
bending strain at the centerline of the top surface of the top flange. Here, we are
assuming that the local plate bending is small. This average strain for a 4-strain-gage
section can be compared with the centerline strain gage data for the top flange to
verify each other. The curves in the Figure 6.7 show they are very similar.
The average bending strains will be used as primary bending strains to calculate
the primary bending moment later. Figure 6.7 shows that the average strains follow a
nearly linear relationship with applied force before the test specimen failed, except
for the average strains from strain gages 53-56 and 58-61. A nonlinear relationship is
observed, which suggests that yielding of the south girder near the west FRRB is
occurring before the girder fails.
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Figure 6.6 (a) Load vs. strain for south girder
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6.3 Test Girder Top Flange Lateral Curvature
The lateral bending curvature of the top flange of the test girders can be
obtained using Equation (6.4) below. That is, the difference between the strain from
a north edge strain gage and the strain from a south edge strain gage is divided by
the distance between the two strain gages. This sign convention assumes the north
edge strain gages are in tension and south edge strain gages are in compression. If
the center of curvature is to the south, the curvature is positive. The curvature is
calculated from strains that are in micro strain, so the units of curvature is 10-6 lin.
North strain - South strain
<p = - -
b
(6.4)
In Equation (6.4), the north_strain and south_strain are the strains at the north and
south edges of the top flange at same section, and b is the distance between these
two strain gages. Figure 6.8 shows plots of the applied load PT1 vs. the curvature for
all the sections with strain gages. "Curvature XX-YY" in Figure 6.8 means the
curvature at cross section with strain gages XX and YY is determined by measured
strains from XX and YY using Equation (6.4)
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Figure 6.8 (a) Load vs. top flange curvature for south girder
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Figure 6.8 (a) Load vs. top flange curvature for south girder (continued)
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Figure 6.8 (b) Load vs. top flange curvature for north girder
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Figure 6.9 and 6.10 show some of the top flange lateral curvature results at the
sections with strain gages al9ng the north girder and south girder respectively. The
figures provide a sense of the lateral curvature of the top flange for the each test
girder at different load levels. For example, the 25% data indicates the curvature at
25% of the peak load.
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6.4 Measured FRRB Strains and FRRB Lateral Curvature
Figures 6.11 and 6.12 show the applied load versus strains from the FRRB
strain gages. SGXX in the figures means strain gage XX, XX is the number of strain
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gages. The unit of strain shown in the figures is micro strain. The strains of FRRBs
are small. According to the description given in Chapter 2, the FRRBs are expected
to behave similar to the way that beams in frame structure behave when they
restrain column buckling. That is, the FRRBs are expected .to be under nearly
constant bending moment along their length in the test. Since the stiffness, EI is
constant along the FRRB, the curvature of FRRB should be also constant. Figure
6.13 and 6.14 show the FRRB curvatures calculated from a formula similar to
Equation (6.4) based on the measured strains of the FRRBs. It's seen from the
figures that the west FRRB curvature is nearly the linear but not constant. The
moment at the south end of the west FRRB is far smaller than that at the north end.
This appears to be a reasonable result, although it is different from the assumed
behavior. The expected lateral deflected shape of the top flange should have
inflection point near the connection with the FRRBs and the inner unbraced length
and the outer unbraced length near the FRRB should bend in different directions.
However, Figure 6.9 (and later Figure 6.18) show that both curvature (and the
deflection) in these two unbraced lengths are in the same direction. The center of
curvature near the west FRRB is to the north (negative) on both sides of the FRRB.
Figure 2.2 (b) shows that a curvature change is expected at the FRRB. Figure 2.2 (b)
also shows that the deflection is expected to change direction at the FRRB. The test
result for the top flange of the south girder is due to the initial out of straightness of
the south flange as discussed later (see Figure 6.18). The resulting deflected shape
of the south girders does not require the rotation of south end of the west FRRB and
this leads to smaller moment at south end of the west FRRB. In other words, the
south end of the west FRRB does not need to develop bending moment to restrain
the south girder.
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The east FRRB initially develops constant bending (up to 75% of the peak
loads). At the peak load, the bending appears to be nonlinear, which is unreasonable
since no lateral forces are applied within the FRRB length. Error in the strain gage
recordings appears to be the source of this unreasonable result.
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6.5 Lateral Deflection of the Top Flanges
Figure 6.15 Deflections of I-girder
When lateral-torsional buckling occurs, the displacement of the girder top flange
is composed of two parts: horizontal lateral deflection and vertical deflection. The
displacements measured by the horizontal displacement transducers and the vertical
displacement transducers are not directly these two individual parts. The vertical
deflections affect the lateral displacement measurements, and the lateral deflections
affect the vertical displacement measurements. However, the lateral deflection of the
girder top flange can be determined by the measured displacements in the test.
As shown in the Figure 6.15, Lhi is the initial length of horizontal displacement
transducer (with attached wire line) and LVi is the initial length of vertical
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displacement transducer (with attached wire line). Lhi and LVi are measured before
<1/
test starts. Uh is the horizontal lateral displacement of the point attached to the
horizontal displacement transducers on the top flange of the test girder. Uv is the
vertical displacement of the point attached to the vertical displacement transducers
on the bottom flange of the test girder. As shown below, Uh and Uv may need to be
determined together.
Ud is the vertical displacement of the point attached to the horizontal
displacement transducers on the top flange, UhO is the lateral displacement of the
point attached to the vertical displacement transducers on the bottom flange. Lh is
the final length of the horizontal displacement transducers after deflection, which is
equal to Lhi plus the value measured by horizontal displacement transducers. This
measured value is called Uhm• Lv is the final length of vertical displacement
transducers after deflection, which is equal to LVi minus Uvm. Uvm is the value
measured by the vertical displacement transducers.
The following formulas apply to the horizontal displacement measurements:
(6.5)
(6.6)
Solving Equation (6.6) for Lh and substituting Lh into (6.5), we rewrite Uhm as follow:
(6.7)
From Equairon (6.7), we can solve for Uh:
(6.8)
The similar results can be obtained for the vertical displacement.
(6.9)
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(6.10)
(6.11 )
If we assume Ud equals Uv and UhO equals Uh (Le., the twist angle is small), then
using Equation (6.8) and (6.11 ),Uh and Uv can be determined by iteration method.
The calculation requires some effort. To simplify the calculation, additional
assumptions can be made. If we assume that Uv is quite enough compared to UhO ,
Then, Uv is equal to Uvm • The simplified Equations (6.8) and (6.11) are as follows:
Uv =Uvm
(6.12)
(6.13)
Figure 6.16 and 6.17 show the calculated lateral deflection of the test girders at
different load level.
The top flanges of the test girders have the total lateral deflection of the test
girders should add the initial deflection to the calculated lateral during the test.
Figure 6.18 shows the initial lateral deflection of the top flanges of the test girders.
Figure 6.19 shows the total lateral deflection of the top flanges of the test girders.
For a compression member, the lateral deflections produced by an axial force
will be substantially influenced by the initial deflection. The top flange of the test
girder is a compression element, so its lateral deflection is significantly influenced by
the initial lateral deflection. It is seen from Figure 6.19 that the deflected shape of the
test girder top flanges are not as assumed, which is shown in Figure 2.2(b), due to
the initial deflection of the flanges (see Figure 6.18). The initial lateral deflections of
the top flange of the south girder are larger and are in the same direction in the west
outer unbraced length. As a result the deflected shape of south girder is significantly
different from that assumed. The inner unbraced length and the west outer
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unbraced length deflect in the same direction during the test, and the inflection points
near the joint of the west FRRB and the south girder do not form as expected.
In north girder, the initial deflection is smaller, and the total deflected shape in
north girder is consistent with that assumed in Chapter 2. Thus, the results show that
....
the initial lateral- deflection of the top flanges of test girders significantly influences
the buckling deflected shape of the test girders. The deflected shape of test girders
assumed in Chapter 2 (Figure 2.2 (b)) is the lowest buckling mode of the combined
system (girders with cross frames and FRRBs). The initial deflections of the south
girder force it into a higher buckling mode than the assumed deflected shape with a
higher buckling load. The north girder has a buckling deflected shape similar to the
shape assumed in Chapter 2. As the Figure 6.1 showed, the north girder buckled
first.
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6.6 Moment Capacity at Lateral-Torsional Buckling
Three methods are used to calculate the lateral-torsional buckling moment
• capacity from the test resluts. The moment cgpacity is defined as the moment at the
peak load within the region of theoretical constant moment between the load points
of the test girders.
Method 1
The moment at each section with attached strain gages i~ calculated from the
bending strain at the top and bottom flanges using beam theory as follows:
(6.14)
Where, £top_f1an is the strain of the top flange due to primary bending. For the 5-
strain-gage sections, £top_f1an is equal to the average of the four gages on the top
flange. For the 4-strain-gage sections, £top_f1an is the average of the two gages on
the edges of the top flange. £bottom_f1an is the strain of the bottom flange from the
single gage on the bottom flange. For the 4-strain-gage sections, YE is the distance
from the middle surface of the top flange to the bottom surface of the bottom flange.
For the 5-strain-gage sections, YE is the distance from the top surface of the top
flange to the bottom surface of the bottom flange. From the Method 1, the moment
diagram of the test girders is obtained and is shown in Figure 6.20.
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Figure 6.20 (b) Primary bending moment from Method 1
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Method 2 '-
The results in Figure 6.20 are not as expected from theory and this is likely due
to flange yielding at some locations. Thus, a second method based on the moment
diagram obtained from Method 1 is developed. We assume that the moments in
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either the box or in bold in Figure 6.20 are correct, respectively. Then these
moments are used to determine the shear forces at the bearings according to
statics. The shear forces determined from the moments in the boxes are named ~
Shear Force 1. The shear forces determined from the moments in bold are named
Shear Force 2. From the shear forces at the two ends, the moments at the other
sections of the girders can be obtained from statics knowing that the loads were
applied to the girders at only the intermediate cross frame locations. The moment
diagrams are shown in Figure 6.21 and 6.22.
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The moment is calculated assuming the peak applied load, determined from
PT1, is acting equally at all four load poins. Again from statics, this peak applied load
of 33.97 kips corresponds to a moment of 9715 k-in.
The results from Method 1 are not considered accurate. The results from
Method 2 and Method 3 are shown in Table 6-1. The result differences are within 3%
of each other except at the west FRRB of the south girder, where the differences are
close to 7%.
Table 6-1 Primary Bending Moment at Load Points near FRRBs and at Midspan
South Girder (k-in) North Girder (k-in)
East Mid- West East Mid- West
FRRB Span FRRB RRB Span FRRB
Method 2 9735 9898 10061 9459 9605 9751(shear force 1)
Method 2 9566 9482 9398 9683 9600 9517(shear force 2)
Method 3 9715 9715 9715 9715 9715 9715
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Chapter 3 (see the Table 6-2), we can see the inner unbraced lengths of the test
girders have higher moment capacities than the outer unbraced lengths. Also, the
outer unbraced lengths of the north girder have lower moment capacity than the
south girder. So the outer unbraced lengths of the north girder should be expected to
fail in lateral-torsional buckling first.
Table 6-2 Analysis Results of Test I-Girders
Moment from LTB Formulas with Kb (k-in)
Inner Unbraced Outer Unbraced Length Outer unbraced Length
LenQth (Section 1) (Section 2)
Cb1 =1.67 Cb2 =1.75 Cb1 =1.67 Cb2 =1.75
South Girder 10866 9468 9920 10203 10689
North Girder 11114 9424 9884 10158 10645
The moment capacity of the test girders obtained from the test (Table 6-1) can
be compared with the moment capacity obtained using the LTB formulas with Kb in
Chapter 3 (Table 6-2). From the LTB formulas with Kb, the moment capacity of the
outer unbraced length of the north girder is in the range of 9424 k-in to 10158 k-in for
Cb1 =1.67 (see Table 6-2). The average of these two moments is 9791 k-in. The
moment capacity of the north girder (Table 6-1) from the test specimen ranges from
9459 k-in and 9751 k-in. The average of these values is 9620 k-in. These results are
very close to the the result from the LTB formulas with Kb. The similarity between the
results of the test and the LTB equations with Kb shows this method is an effective
way to determine the lateral-torsional buckling moment capacity of the bridge 1-
girders with cross frames and FRRBs.
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Chapter 7 Summary and Conclusion
7.1 Summary
The theoretical behavior of I-girders braced by cross frames and flange rotational
restraint braces (FRRBs) is described and compared to test results. Two analysis
methods are provided. One is the finite difference method and the other is to use lateral-
torsional buckling formulas with effective length factor. The lateral-torsional buckling
results from the theory are compared with the test results.
A FRRB is like a rotational spring that restrains the rotation of the compression
flange of the steel I-girder to which it is attached. As a result, the unbraced length Lb
reduced. An effective unbraced length factor, Kb is used to quantify the effects of
FRRBs. The lateral-torsional buckling formulas from the AASHTO LRFD Bridge Design
Specifications are modified for bridge I-girders with FRRBs. The unbraced length Lb in
the AASHTO formulas is replaced with the effective unbraced length KbLb. Kb can be
determined from conventional alignment charts used for columns of moment resisting
frames without sideway.
An analysis, based on measured dimensions and material properties, of the test
specimen was made using the modified AASHTO formulas. The measured dimensions
of test specimen were slightly different from designed dimensions. The measured yield
stress of the flanges was 83.5 ksi (575 MPa) greater than the nominal 70 ksi (485 MPa).
The test specimen has a change in cross section in the outer unbraced lengths.
Both cross sections are :categorized as stocky web sections.· Elastic lateral-torsional
buckling controls the moment capacity of the outer unbraced lengths. Inelastic lateral-
torsional buckling controls the moment capacity of the inner unbraced ··lengths. The _
AASHTO specifications do not provide inelastic lateral-torsional buckling formulas for
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stocky web_sections. A linear transi~ion formula was used to determine the inelastic
lateral-torsional buckling moment capacity for inner unbraced lengths. The analysis
results show the outer unbraced lengths have a slightly lower lateral-torsional buckling
moment capacity than the inner unbraced length. The outer unbraced lengths of the
north girder have a slightly lower lateral-torsional buckling moment capacity than those
of the south girder. So the outer unbraced lengths of the north girder are expected to
buckle first. This result is consistent with the test results. The test specimen buckled in
the west outer unbraced length of the north girder.
Finite difference equations for elastic lateral-torsional buckling and the boundary
conditions needed to solve the finite difference equations are developed. A matrix format
of the finite difference equations is provided and used to determine the lateral-torsional
buckling moment capacity of the inner unbraced lengths of the test specimen. The
boundary conditions and finite difference equations for the outer unbraced lengths,
which have a moment gradient, were not developed. The finite difference method is
based on the linear elastic theory, and inelastic buckling controls the inner unbraced
length. So the finite difference method results for the inner unbraced length are not
applicable for test specimen.
7.2 Conclusions
The study in this thesis shows that analysis methods can be effective in determining
the lateral-torsional buckling moment capacity of I-girders braced with cross frames and
FRRBs. AASHTO lateral-torsional buckling formulas can be used to predict the inelastic
and elastic lateral-torsional buckling moment capacity. The finite difference method is
used for elastic cases. FRRBs can provide I-girders with increased stability compared
with traditional bracing methods. FRRBs can be used to increase the unbraced
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length or to increase the lateral-torsional buckling capacity. The effective length factor Kb
for the test specimens was 0.72 for inner unbraced lengths, which had an FRRB at each
end, and 0.84 for the outer unbraced length, which had an FRRB at one end only. These
may be considered typically results. The analysis model of I-girders with cross frames
and FRRBs was able to estimate the lateral-torsional buckling moment capacity of the
test specimens with an accuracy of 2% error.
7.3 Future Work
This study focuses on only one test specimen. More tests and analysis results for
other I-girders with different dimensions and type of steel materials are needed to
determine the affect of the different design parameters on the behavior of I-girders
braced with FRRBs.
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